Abstract. The notion of double coset for semisimple finite dimensional Hopf algebras is introduced. This is done by considering an equivalence relation on the set of irreducible characters of the dual Hopf algebra. As an application formulae for the restriction of the irreducible characters to normal Hopf subalgebras are given.
Introduction
In this paper we introduce a notion of double coset for semisimple finite dimensional Hopf algebras, similar to the one for groups. This is achieved considering an equivalence relation on the set of irreducible characters of the dual Hopf algebra. The equivalence relation that we define generalizes the equivalence relation introduced in [8] . Using Frobenius-Perron theory for nonnegative Hopf algebras the results from [8] are generalized and proved in a simpler manner.
The paper is organized as follows. In the first Section we recall some basic results for finite dimensional semisimple Hopf algebras that we need in the other sections.
Section 2 introduce the equivalence relation on the set of irreducible characters of the dual Hopf algebra and it proves the coset decomposition. Using this coset decomposition in the next section we prove a result concerning the restriction of a module to a normal Hopf subalgebra. A formula for the induction from a normal Hopf subalgebra is also described. In the situation of a unique double coset a formula equivalent to the Mackey decomposition formula for groups is described.
Section 4 considers one of the above equivalence relations but for the dual Hopf algebra. In the situation of normal Hopf subalgebras this relation can be written in terms of the restriction of the characters to normal Hopf subalgebras. Some results similar to those in group theory are proved. The next sections studies the restriction functor from a semisimple Hopf algebra to a normal Hopf subalgebra. We define a notion of conjugate module similar to the one for modules over normal subgroups of a group. Some results from group theory hold in this more general setting. In particular we show that the induced module restricted back to the original normal Hopf subalgebra has as irreducible constituents the constituents of all the conjugate modules.
Algebras and coalgebras are defined over the algebraically closed ground field k = C. For a vector space V over k by |V | is denoted the dimension dim k V . The comultiplication, counit and antipode of a Hopf algebra are denoted by ∆, ǫ and S, respectively. We use Sweedler's notation ∆(x) = x 1 ⊗ x 2 for all x ∈ H. All the other notations are those used in [7] .
Preliminaries
Throughout this paper H denotes a finite dimensional semisimple Hopf algebra over K = C. It follows that H is also cosemisimple [5] . If K is a Hopf subalgebra of H then K is also semisimple and cosemisimple Hopf algebra [7] .
Denote by Irr(H) the set of irreducible characters of H and C(H) the character ring of H. Then C(H) is a semisimple subalgebra of H * [11] and C(H) = Cocom(H * ), the space of cocommutative elements of H * . By duality, the character ring of H * is a semisimple subalgebra of H and under this identification it follows that C(H * ) = Cocom(H). If M is an H-module with character χ then M * is also an H-module with character χ * = χ • S. This induces an involution " * " : C(H) → C(H) on C(H). For a finite dimensional semisimple Hopf algebra H use the notation Λ H ∈ H for the integral of H with ǫ(Λ H ) = |H| and t H ∈ H * for the integral of H * with t H (1) = |H|. It follows from [7] that the regular character of H is given by the formula
If W ∈ H * -mod then W becomes a right H-comodule via ρ : W → W ⊗ H given by ρ(w) = w 0 ⊗ w 1 if and only if f w = f (w 1 )w 0 for all w ∈ W and f ∈ H * . Let W be a left H * -module. Then W is a right H-comodule and one can associate to it a subcoalgebra of H denoted by C W [4] . If W is simple and q = |W | then |C W | = q 2 and it is a matrix coalgebra. It has a basis {x ij } 1≤i,j≤q such that ∆(
If M and N are right H-comodules the the tensor product M ⊗ N is also a right H-comodule. The associated coalgebra of M ⊗ N is is CD where C and D are the associated subcoalgebras of M and N respectively (see [9] ).
Double coset formula for cosemisimple Hopf algebras
In this section let H be a semisimple finite dimensional Hopf algebra as before and K and L be two Hopf subalgebras. Then H can be decomposed as sum of K − L bimodules which are free both as left K-modules and right L-modules and are analogues of double cosets in group theory. To the end of this section we give an application in the situation of a unique double coset.
There is a bilinear form m : C(H * ) ⊗ C(H * ) → k defined as follows (see [8] ). If M and N are two H-comodules with characters c and d
The following properties of m (see [8] ) will be used later:
for all x, y, z ∈ C(H * ). Let H be a finite dimensional cosemisimple Hopf algebra and K, L be two Hopf subalgebras of H. We define an equivalence relation r
on the set of simple coalgebras of H as following:
Since the set of simple subcoalgebras is in bijection with Irr(H * ) the above relation in terms of H * -characters becomes the following: 
The transitivity can be easier seen that holds in terms of simple subcoalgebras. Suppose that c ∼ d and d ∼ e and c, d, and e are three irreducible characters associated to the simple subcoalgebras C, D and E respectively. Then C ⊂ KDL and D ⊂ KEL. The last relation implies that KDL ⊂ K 2 EL 2 = KEL. Thus C ⊂ KEL and c ∼ e.
be the left and right multiplication with d on C(H * ). In the sequel, we use the Frobenius-Perron theorem for matrices with nonnegative entries (see [2] ). If A is such a matrix then A has a positive eigenvalue λ which has the biggest absolute value among all the other eigenvalues of A. The eigenspace corresponding to λ has a unique vector with all entries positive. λ is called the principal value of A and the corresponding positive vector is called the principal vector of A. Also the eigenspace of A corresponding to λ is called the principal eigenspace of A.
Proposition 2.2. With the above notations it follows that a i are eigenvectors of the operator
The following result is also needed: Recall from [2] that a matrix A ∈ M n (k) is called decomposable if the set I = {1, 2, · · · , n} can be written as a disjoint union I = J 1 J 2 such that a uv = 0 whenever u ∈ J 1 and v ∈ J 2 . Otherwise the matrix A is called indecomposable.
Theorem 2.5. Let H be a finite dimensional semisimple Hopf algebra over the algebraically closed field k and K, L be two Hopf subalgebras of Proof. 1) Let λ be the biggest eigenvalue of T and v the principal eigenvector corresponding to λ. Then Λ K vΛ L = λv. Applying ǫ on both sides of this relation it follows that |K||L|v = λv. Since v has positive entries it follows that λ = |K||L|.
2) It is easy to see that the transpose of the matrix [T ] is also [T ] . To check that let x 1 , · · · , x s be the basis of C(H * ) given by the irreducible characters of H * and suppose that T ( The eigenspace of [T ] corresponding to the eigenvalue λ is the sum of the eigenspaces of the diagonal blocks A 1 , A 2 , · · · A l corresponding to the same value. Since each A i is an indecomposable matrix it follows that the eigenspace of A i corresponding to λ is one dimensional (see [2] ). If The bimodules B i from the above corollary will be called a double coset for H with respect to K and L.
Corollary 2.7. With the above notations, if
•R Λ L with the maximal eigenvalue |K||L|. From Theorem 2.5 it follows that Λ K dΛ L is a linear combination of the elements a j . But Λ K dΛ L cannot contain any a j with j = i because all the irreducible characters entering in the decomposition of the product are in C i . Thus Λ K dΛ L is a scalar multiple of a i and formula 2.8 follows.
Remark 2.9. Setting C 1 = k in Theorem 2.5 we obtain Theorem 7 [8] . 
Let K be a Hopf subalgebra of H and s = |H|/|K|. Then H is free as left K-module [10] . If 
More on coset decomposition
Let H be a semisimple Hopf algebra and A be a Hopf subalgebra. Define H//A = H/HA + and let π : H → H//A be the natural module projection. Since HA + is a coideal of H it follows that H//A is a coalgebra and π is also a coalgebra map.
Let k be the trivial A-module via the counit ǫ. It can be checked that H//A ∼ = H ⊗ A k as H-modules via the mapĥ → h ⊗ A 1. Thus dim k H//A = rank A H.
If L and K are Hopf subalgebras of H define LK//K := LK/LK + . LK is a right free K-module since LK ∈ M H K . A similar argument to the one above shows that LK//K ∼ = LK ⊗ K k as left L-modules where k is the trivial K-module. Thus dim k LK//K = rank K LK. It can be checked that LK + is a coideal in LK thus LK//K has a natural coalgebra structure. 
Next it will be shown that
which implies that φ is bijective since both spaces have the same dimension. Consider on Irr(H * ) the equivalence relation introduced above and corresponding to the linear operator L Λ L
• R Λ K . Assume without loss of generality that C 1 is the equivalence class of the character 1 and put d = 1 the trivial character, in the formula 2.8. Thus
. But from the definition of ∼ it follows that a 1 is formed by the characters of the coalgebra LK. On the other hand [4] ). Equality 3.2 follows counting the multiplicity of the irreducible character 1 in Λ K Λ L . Using [8] we know that m(1 , dd
and m(1,
Proposition 3.4. Let H be a finite dimensional cosemisimple Hopf algebra and K, L be two Hopf subalgebras of H such that
The previous Corollary implies that rank K LK = rank L∩K L thus both modules above have the same dimension.
Define the map φ :
Clearly φ is a surjective homomorphism of L-modules. Equality of dimensions implies that φ is an isomorphism.
If LK = H then the previous theorem is the generalization of Mackey's theorem decomposition for groups in the situation of a unique double coset. corollary
A dual relation
Let K be a normal Hopf subalgebra of H and L = H//K. Then the natural projection π : H → L is a surjective Hopf map and then π * : L * → H * is an injective Hopf map. We identify L * with its image π * (L * ) in H * . This is a normal Hopf subalgebra of H * . In this section we will study the equivalence relation r
on Irr(H * * ) = Irr(H). The following result was proved in [1] . 
Proposition 4.1. Let K be a normal Hopf subalgebra of a finite dimensional semisimple Hopf algebra H and L
Thus χ ∼ µ if and only if their restriction to K have a common constituent. implies that a 1 = t L . Formula from Remark 2.9 becomes
for any irreducible character χ ∈ C i . Restriction to K of the above relation combined with Proposition 4.1 gives:
Thus χ ∼ µ if and only if
.
Formulae for restriction and induction.
The previous theorem implies that the restriction of two irreducible H-characters to K either have the same common constituents or they have no common constituents. Let t H be the integral on H with t H (1) = 1. One has that |H|t H = l i=1 a i as |H|t H is the regular character of H. Since H is free as K-module [10] it follows that the restriction of |H|t H to K is the regular character of K multiplied by |H|/|K|. Thus (|H|t H ) ↓ K = |H|/|K|(|K|t K ). But |K|t K = α∈Irr(K) α(1)α and Theorem 4.3 implies that the set of the irreducible characters of K can be partitioned in disjoint subsets A i with 1 ≤ i ≤ l such that
Then if χ ∈ C i formula 4.5 implies that α ↑
Restriction of modules to normal Hopf subalgebras
Let G a finite group and H a normal subgroup of G. If M is an irreducible H-module then
g N is a conjugate module of M and {g i } i=1,s is a set of representatives for the left cosets of H in G. For g ∈ G the H-module g N has the same underlying vector space as N and the multiplication with h ∈ H is given by h.n = (g −1 hg)n for all n ∈ N. It is easy to see that [6] ) and by their definition r
. Thus the left cosets are the same with the right cosets in this situation.
5.1. Let K be a normal Hopf subalgebra of H and M be a K-module. If W is an H * -module then W ⊗ M becomes a K-module with
In order to check that W ⊗ M is a K-module one has that 
for all x ∈ K.
Proof. Indeed one may suppose that
x ii one gets the the formula for the character α d .
For any d ∈ Irr(H * ) define the linear operator c d : C(K) → C(K) which on the basis given by the irreducible characters is given by c d (α) = α d for all α ∈ Irr(K). 
Remark 5.4. From the above formula it can be directly checked that
Proof. Consider the equivalence relation r 
where Λ K is the integral in K with ǫ(Λ K ) = |K| and d ∈ B i . Thus
Let N be an H-module and W an H * -module. Then W ⊗N becomes an H-module such that 
